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Abstract—In the ﬁeld of elastography, biological tissues are conveniently assumed to be purely elastic solids.
However, several tissues, including brain, cartilage and edematous soft tissues, have long been known to be
poroelastic. The objective of this study is to show the feasibility of imaging the poroelastic properties of tissue-like
materials. A poroelastic material is a material saturated with ﬂuid that ﬂows relative to a deforming solid matrix.
In this paper, we describe a method for estimating the poroelastic attributes of tissues. It has been analytically
shown that during stress relaxation of a poroelastic material (i.e., sustained application of a constant applied
strain over time), the lateral-to-axial strain ratio decreases exponentially with time toward the Poisson’s ratio of
the solid matrix. The time constant of this variation depends on the elastic modulus of the solid matrix, its
permeability and its dimension along the direction of ﬂuid ﬂow. Recently, we described an elastographic method
that can be used to map axial and lateral tissue strains. In this study, we use the same method in a stress
relaxation case to measure the time-dependent lateral-to-axial strain ratio in poroelastic materials. The resulting
time-sequenced images (poroelastograms) depict the spatial distribution of the ﬂuid within the solid at each time
instant, and help to differentiate poroelastic materials of distinct Poisson’s ratios and permeabilities of the solid
matrix. Results are shown from ﬁnite-element simulations (E-mail: elisak@bwh.harvard.edu). © 2001 World
Federation for Ultrasound in Medicine & Biology.
Key Words: Elasticity, Elastography, Imaging, Permeability, Poisson’s ratio, Poroelastic, Poroelastogram, Stress
relaxation, Strain ratio, Ultrasound.
INTRODUCTION
Elastography (Ophir et al. 1991, 1996, 1999) is a rela-
tively new method for estimating and imaging the elastic
properties of tissues. The tissue is ultrasonically scanned
before and after the application of a static compression,
and cross-correlation methods (Ce ´spedes and Ophir
1993; Ce ´spedes et al. 1995; Ophir et al. 1991; Varghese
et al. 1996) are employed to estimate the resulting tissue
strain. By assuming that the tissue is purely elastic,
single-phase (i.e., solid), isotropic and incompressible,
the strain estimated can be directly related to the elastic
modulus of the tissue, thereby facilitating the detection
of stiffer tissues, such as tumors (Garra et al. 1997).
Several tissues, however, exhibit responses that are not
adequately described by an elastic model. Instead, they
have time-dependent or poroelastic properties. Poroelas-
tic tissues include brain, cartilage and edematous soft
tissues. Identiﬁcation of those properties in an experi-
mental setting could be essential in numerous applica-
tions, such as edema treatment monitoring (Mridha and
Odman 1986), porcine meat quality water-holding capac-
ity assessment (Newton and Gill 1981) and engineering
of poroelastic tissue.
Our objective in this paper is to demonstrate the
feasibility of estimating and imaging poroelastic material
properties with elastography. A poroelastic material con-
sists of a solid skeleton (or matrix) that holds a certain
ﬂuid (or gas) within its pores. Because the soft tissue
components that produce scattering in an ultrasound im-
age are usually part of the solid matrix, elastography
should be able to produce a strain estimate in the solid
matrix. In other words, we detect the existence of ﬂuid
through monitoring of the time-dependent mechanical
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1387behavior of the solid matrix. To verify this, we ﬁrst build
a ﬁnite-element simulation framework that models the
2-D uniaxial unconﬁned compression of a poroelastic
material. We then calculate the true local lateral-to-axial
strain ratio (or, simply strain ratio) at different time
intervals during a sustained compression. Using an im-
age formation model described later, ultrasonic RF sig-
nals of the poroelastic material are generated at certain
time periods from the onset of the compression. A recor-
relation method (Konofagou and Ophir 1998) is then
applied to estimate and image the strains and strain ratio
resulting from the compression. The resulting time-se-
quenced images showing the distribution of the esti-
mated strain ratio have been named poroelastograms
(Konofagou et al. 1999); they may (1) indicate the exis-
tence and location of ﬂuid, and (2) provide information
about the permeability and Poisson’s ratio of the solid
matrix; in fact, at equilibrium, the poroelastogram is an
image of the Poisson’s ratio of the solid matrix. Next, we
start with a review of basic deﬁnitions in solid mechanics.
Background
An elastic material is a material that deforms under
an applied load and returns instantaneously to its unde-
formed conﬁguration when the load is removed. The
mechanical properties of a linear and isotropic material
are fully characterized by two independent material con-
stants, the Lame ´ constants (, ) or any two of the
Young’s modulus (E), shear modulus (G) or Poisson’s
ratio (v), i.e.,
  G 
E
21  v and  
Ev
1  v1  2v (1)
or
E 
3  2
   and v 

2   . (2)
The Poisson’s ratio also describes the coupling be-
tween the lateral and axial strains, which, for a uniaxial
stress state, is given by
v  vxy 
x
y
, (3)
where x and y are the lateral and axial strains, respec-
tively (Lai et al. 1978; Fig. 1); a Poisson’s ratio value of
0.5 means maximum coupling, whereas a value of zero
means no coupling.
On the other hand, a poroelastic material consists of
a solid matrix with a certain permeability saturated by a
pore ﬂuid of a certain viscosity, which can ﬂow through
the pores of the matrix during deformation. We note here
that “biphasic” and “poroelastic” do not typically have
the same deﬁnitions, but, for the purpose of this paper,
we assume that the poroelastic tissue has two distinct
phases: namely, a solid and a ﬂuid. Therefore, later in
this paper, we use some of the biphasic theory to predict
the poroelastic simulations.
In the case of linear poroelasticity with an isotropic
solid matrix and incompressible constituents (Appendix
A), the material is fully characterized by (1) the stiffness
(i.e., Young’s modulus), (2) Poisson’s ratio of the solid
matrix (i.e., the drained Poisson’s ratio), that can only be
measured at equilibrium (i.e., when all the excess ﬂuid
has been translocated beyond the boundaries of the solid
matrix, or when the pore pressure is zero), and (3) the
permeability of the matrix to the ﬂuid. When this poro-
elastic material, such as a cylindrical specimen of a
ﬂuid-ﬁlled, porous, elastic solid, is compressed between
smooth, impermeable plates, its behavior can be modeled
in three basic periods (Armstrong et al. 1980). First, at
the instant of loading, this poroelastic material deforms
like an incompressible elastic solid with a shear modulus
equal to that of the solid matrix. The second phase is
characterized by a radial ﬂuid ﬂow, which allows the
internal ﬂuid pressure to equilibrate with the external
environment. Finally, the equilibrium response is con-
trolled by the Young’s modulus and Poisson’s ratio of
the solid matrix. Next, we provide a brief overview of
prior literature in biomechanics that generated the ana-
lytic solution predicting the exponential variation of the
normalized lateral displacement during stress relaxation
of a poroelastic material.
Theory
In biomechanics, cartilage is by far the most studied
poroelastic material. It is typically found between artic-
Fig. 1. The relation between the axial and lateral strains in a
material under tension (as shown) or compression is deter-
mined by its Poisson’s ratio.
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achieved through adjustment of its thickness by releasing
ﬂuid while deformed. To describe and estimate its prop-
erties, the KLM (Kuiei, Lai and Mow) model of biphasic
theory of articular cartilage (Mow et al. 1982) has been
used successfully.
The unconﬁned compression problem of a poroelastic
cylinder
Armstrong et al. (1984) developed analytic solu-
tions for the unconﬁned compression problem of thin,
circular disks of tissue when squeezed between two
perfectly smooth (i.e., establishing perfect slip condi-
tions), impermeable plates based on the KLM model.
Under these conditions, the compression applied along
the axis (z) of the circular disk causes a radial (r) expan-
sion (Fig. 2). The radial expansion is unconstrained, and
free ﬂuid exudation and/or imbibition can occur across
the cylindrical boundary surface. In Appendix B, we
provide Armstrong et al.’s (1984) analytic solution of the
variation of the lateral displacement with time during
stress relaxation. The left side of eqn (B5) can also be
viewed as the radial strain
ua,t
a  x caused by the
applied axial strain (y) yielding
ua,t
ay
 vs 
1  2vs1  vs
n1
 exp 
n
2H Akt
a
2 
n
21  vx
2  1  2vs
,
so that the strain ratio that, when measured in a uniaxial
loading test, can be written as
x/ya,t  vs  1  2vs1
 vs
n1
 exp 
n
2HAkt
a
2 
n
21  vs
2  1  2vs
, (4)
where
x/ya,t 
ua,t
ay

xa,t
y
denotes the strain ratio (lateral strain x at the boundary
r  a normalized by the applied axial strain), which, if
plotted against time during a stress relaxation unconﬁned
experiment, should asymptotically yield the Poisson’s
ratio of the solid matrix (eqn 4).
In summary, Armstrong et al. (1984) have clearly
shown that the equilibrium (at inﬁnite time t) response of
this poroelastic material is entirely controlled by the
elastic properties of its solid matrix s and s (or, alter-
natively, vs and Es), since HA  s  2ys. Furthermore,
the instantaneous response of a poroelastic material is the
same as an equivalent incompressible, single-phase, elas-
tic material with elastic properties   s and v  0.5
and the length of time required for equilibrium of the
tissue is controlled by a characteristic time (or, gel dif-
fusion time)  (eqn B3), which depends on the elastic
moduli of the solid matrix, its permeability, and the
Fig. 2. Schematic representation showing a specimen of poroelastic material being conﬁned between two rigid
impervious smooth plates. The lateral surface is unconﬁned and, as a result, a radial ﬂow pattern occurs. Fluid exudation
through the lateral surface allows the tissue to creep in the axial direction (Kwan et al. 1984).
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ﬂuid ﬂow occurs. Although eqn (4) is only given at the
boundary of the material, it can be generalized to depict
the same behavior throughout the whole material (i.e., at
r  a). Therefore, assuming that the solid matrix has
constant moduli, the rate of change of the strain ratio
with time indicates the permeability of the matrix to the
ﬂuid (at ﬁxed and known Es; eqn B3) and the asymptotic
value denotes the Poisson’s ratio of the matrix (eqn 4). It
is, thus, essential to follow the time-dependent behavior
to characterize the poroelastic material. Armstrong et al.
(1984) could not corroborate these theoretical results
with experiments due to the difference in boundary con-
ditions between theory and experiments. Other research-
ers, however, such as Jurvelin et al. (1997), demonstrated
the behavior shown in eqn (4) experimentally showing
that the equilibrium lateral strain (normalized by the
axial strain) indeed points to the value of the Poisson’s
ratio of the solid matrix of cartilage.
In this paper, our goal is to generate a map of the
strain ratio in the target at different time periods. There-
fore, unlike Armstrong et al. (1984) and previous litera-
ture in experimental poroelasticity, we calculate the
strain ratio throughout the whole tissue, not only at the
boundary (eqn 5). For this purpose, we employ ﬁnite-
element simulations to calculate the response, and an image
formation model to generate the pre- and postcompression
RF signals used to estimate the resulting motion. The ana-
lytic model is used merely to conﬁrm the response of the
ﬁnite-element solution at the boundary (Fig. 3).
Image formation model
We assume that motion is 2-D, and that the image
formation can be modeled by a convolution of the scat-
tering function with the impulse response of the ultra-
sound system or point-spread function (PSF) of the trans-
ducer (Dickinson and Hill 1982; Meunier and Bertrand
1995). Therefore, the pre- and postcompression echo
signals can be given, respectively, as follows:
r1x,y  px,yex,y  n1x,y (6)
r2x,y  px,ye	x  x0,y  y0  n2x,y, (7)
where * denotes convolution, x and y are spatial variables
in the lateral (x-) and axial (y-) direction, respectively, x0
and y0 correspond to the lateral and axial displacements
(or spatial shifts), r1(x,y) and r2(x,y) are the received RF
signals before and after compression, respectively, p(x,y)
is the PSF, e(x,y) is the scattering function, n1(x,y) and
n2(x,y) are independent zero-mean white noise sources
and  and 	 are, respectively, the compression and
expansion coefﬁcients linked to the axial and lateral
strains through (Varghese and Ophir 1996)
 
1
1  y
 1  y and 	 
1
1  x
 1  x. (8)
The 2-D PSF may be written as a separate function in the
focal area (Wagner et al. 1983),
px,y  pyypxx, (9)
where y and x are the axial and lateral coordinates,
respectively, and py(y) and px(x) are the axial and lateral
PSF components, respectively. If we assume a Gaussain
modulated emitted pulse of pulse length equal to 
y, the
axial PSF becomes
pyy  Ae
y2
2
y
2
cos2
y
;y  0, (10)
where A is a constant and  is the wavelength of the
emitted pulse. The lateral PSF component of an unapo-
dized, boxcar transducer aperture (not considering grat-
ing lobes) is (Kino 1987)
pxx 
sin
x
F
x
F 
2
, (11)
where D is the lateral aperture width, xr is the focal
length and F is the F-number of the transducer. To
estimate the variation of the strain ratio (eqn 4), we apply
Fig. 3. Variation of the calculated strain ratio at the rightmost
boundary of the ﬁnite-element model vs. time when the Pois-
son’s ratio of the solid matrix is equal to 0.5 (solid), 0.3
(dashed) and 0.0 (dotted).
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In this technique, the axial and lateral strains (eqn 8) are
measured through iterative correction for and estimation
of the two orthogonal motion components. The method,
together with the parameters used, is further detailed in
the following section.
METHODS AND RESULTS
A ﬁnite-element axisymmetric model of a homoge-
neous linear elastic solid was constructed using
ABAQUS
1. The solid matrix was formulated having a
Young’s modulus equal to 690 GPa, a certain Poisson’s
ratio s (equal to 0.5, 0.3 or 0.0) and a permeability k
equal to 8.5 nm/s. The void ratio was equal to 0.5.
Although the modulus value is not within the typical
range of tissue moduli (Krouskop et al. 1998), in this
case, it should not inﬂuence the relative comparisons
discussed in this paper. In fact, it reduces the time
constant of variation so that the model reaches equilib-
rium faster (eqn B3). The ﬁnite-element model size was
40  40 mm
2 and was based on an example of the
Terzaghi consolidation problem (Terzaghi and Peck
1948) that has been modiﬁed for a stress relaxation case.
In this example, the applied (axial) strain causes pore
pressure to rise initially; then, as the solid matrix con-
tinues to be strained, the pore pressures decayed as the
solid consolidated, or as the ﬂuid was fully removed. We
note here that the Terzaghi consolidation simulation is a
ﬁnite-element approximation to the Armstrong et al.’s
(1984) analytic model discussed in the theory section.
Mixture and Biot-type theories are well known to yield
identical results (Simon 1992). We considered only half
of the axisymmetric model, namely, the right half of the
case shown in Fig. 2. As a result, ﬂuid was allowed to
permeate only from the right lateral side of the material
while being compressed axially by impermeable plates
(Fig. 2). The left lateral side was considered to be on the
axis of lateral symmetry where the net ﬂow was zero. In
Fig. 3, an applied axial strain of 5% was sustained over
a certain relative time course (automatically adjusted by
the ﬁnite-element program). The strain ratio is plotted
over time as it reduces approaching the value of the
Poisson’s ratio of the solid matrix (i.e., 0.5, 0.3 or 0.0).
Monte-Carlo simulations in MATLAB
2 were used
to generate pre- and postcompression RF signals, as
described in the Theory section. The scattering function
(eqn 6) consisted of uniformly distributed point scatter-
ers with a density of 40 scatterers/pulsewidth, whose
amplitudes followed Gaussain statistics. We assume that
the uniformly distributed scatterers were of sufﬁcient
number to generate echo signals with Gaussain statistics
(Insana et al. 1986, 1990). The PSF was convolved with
the scattering function to obtain the precompression RF
signal. By following this convolutional model of the
scattering function with a point spread function (Kono-
fagou 1999) at 5 MHz center frequency and 60% band-
width, we generated the precompressed RF sonogram at
t  0 s (i.e., immediately before the compression) and a
series of postcompressed RF sonograms at irregular time
intervals starting at t  0
 s (i.e., immediately after the
compression) and at a sustained compressive axial strain
equal to 5%. Then, the recorrelation method described by
Konofagou and Ophir (1998) was used to estimate the
axial and lateral strains at each time instant. The method
iteratively decouples the axial and lateral motion com-
ponents to achieve the highest correlation coefﬁcient in
both directions. This results in the estimation of axial and
lateral strains with comparable signal-to-noise ratios
(Konofagou et al. 2000). The poroelastograms were gen-
erated through imaging of the local strain ratio, which is
equal to the local lateral-to-axial strain ratio.
The window size used was equal to 3 mm, the
window overlap of 80%, and a 16:1 bandlimited lateral
interpolation was applied (Konofagou 1999). The three
ﬁnite-element simulation cases studied were at Poisson’s
ratios of 0.0, 0.3 and 0.5 and the series of time-sequenced
poroelastograms are shown in Figs. 4, 5 and 6, respec-
tively. The images were all displayed with the same color
scale. The ﬁrst column in all three ﬁgures lists the map-
pings of the true strain ratio at different time instants
after the onset of the sustained compression, as calcu-
lated from the ﬁnite-element model. The second column
lists the poroelastograms at the same instants as esti-
mated using the method described. Figure 4 clearly in-
dicates that the medium in this case is incompressible,
because the poroelastogram is the same at all instants
(i.e., there is no ﬂuid content or ﬂow). On the other hand,
Figs. 5 and 6 (corresponding to Poisson’s ratios of 0.3
and 0.0, respectively) show that, in those cases, the
medium is in fact poroelastic with the ﬂow occurring
through the right lateral edge of the phantom (the only
permeable boundary). In both cases, the initial state (at
t  0
 s) shows a uniform map of strain ratio equal to
0.5, as predicted by the Armstrong et al. (1984) model.
The ﬂuid gradually exits the matrix, starting at the
boundary (rightmost side). As it exits, the strain ratio
locally acquires the value of the Poisson’s ratio of the
solid matrix: initially at the boundary (at t  0.003 s),
gradually moving to the middle (at t  0.017 s) and
ﬁnally to the left end (at t  0.129 s), which is the
farthest from the boundary (i.e., the ﬂuid’s traveling
distance is the largest and, thereby, the time constant of
variation is the highest; see eqn B3). The cases in Figs.
1ABAQUS version 5.5, Hibbit, Karlsson & Sorensen, Inc., Paw-
tucket, RI, USA.
2MATLAB (Version 5.2) is a registered trademark of Math-
works, Inc., Natick, MA, USA.
Imaging tissue poroelasticity  E. E. KONOFAGOU et al. 13915 and 6 take equal time to reach a uniform strain ratio,
but attain different values. This clearly indicates that the
permeabilities are identical, whereas the Poisson’s ratios
of the solid matrices are different. Figure 7 summarizes
the results of the aforementioned ﬁgures and shows the
repeatability over ﬁve independent renditions (i.e., dif-
ferent randomly generated tissue scattering functions;
eqn 6) by plotting the strain ratio vs. time for all three
cases at the permeable boundary (far right edge of the
phantom). Two of the fundamental parameters of the
poroelastic medium can be estimated through Fig. 7,
namely, the permeability through the time constant esti-
mation of the curve (eqn B3) as well as the Poisson’s
ratio of the solid matrix. Figures 8 and 9 show the reverse
case of keeping the Poisson’s ratio of the solid matrix
constant while changing the permeability for the cases of
k*4 (35 nm/s) and k/4 (2.1 nm/s) at vs  0.3, respec-
tively. Those ﬁgures clearly show that poroelastic mate-
rials of different permeabilities can be distinguished.
Unlike the previous cases shown in Figs. 5 and 6 that
Fig. 4. True strain ratio images (ﬁrst column) and poroelasto-
grams (second column) with elapsed time (as indicated) when
the Poisson’s ratio of the solid matrix is equal to 0.5.
Fig. 5. True strain ratio images (ﬁrst column) and poroelasto-
grams (second column) with elapsed time (as indicated) when
the Poisson’s ratio of the solid matrix is equal to 0.3.
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thereby total ﬂuid translocation) in 0.129 s, the series of
poroelastograms in Figs. 8 and 9 show, respectively, that
at higher permeability, equilibrium is reached in 0.017 s
whereas, at lower permeability, in 1.03 s (Fig. 9). Fi-
nally, Fig. 10 illustrates how the distinct rates of change
of the curves at the boundary indicate the difference in
permeabilities between the two matrices. Although not
shown here, we note that the permeability and Poisson’s
ratio of the solid matrix can be estimated with both
simultaneously varying, because they are independent in
their estimation. In conclusion, simulations show that a
series of poroelastograms (Figs. 5, 6, 8 and 9) can help
(1) detect the presence and location of ﬂuid in a material,
(2) indicate the permeable boundaries, through which
outward ﬂow occurs, and (3) differentiate poroelastic
materials of distinct solid matrix Poisson’s ratios and/or
distinct permeabilities.
DISCUSSION
An isotropic poroelastic material is characterized by
three parameters, namely, the stiffness, the permeability
and the Poisson’s ratio of the solid matrix. According to
a previously reported analytic model, the time constant
characterizing the variation of the strain ratio of the
biphasic tissue with time during a uniaxial unconﬁned
compression can provide unique insight into the poro-
elastic properties of the tissue. Finite-element simula-
tions of the aforementioned example were constructed,
and RF sonograms were generated using the displace-
ment solution of the simulations. A series of time-se-
quenced images depicting the local strain ratio in the
Fig. 6. True strain ratio images (ﬁrst column) and poroelasto-
grams (second column) with elapsed time (as indicated) when
the Poisson’s ratio of the solid matrix is equal to 0.
Fig. 7. Variation of the strain ratio at the right lateral edge of
the phantom vs. time when the Poisson’s ratio of the solid
matrix is equal to 0.5 (solid), 0.3 (dashed) and 0.0 (dotted). The
estimated strain ratio curves are the solid curves with error bars
(equal to one standard deviation). The fewer points in the case
of 0.5 Poisson’s ratio are due to the fact that the ﬁnite-element
program reached equilibrium faster and therefore stopped be-
fore proceeding to other iterations.
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helped differentiate between solid matrices of distinct
Poisson’s ratios and different permeabilities. Further-
more, the variation of the strain ratio could indicate the
presence of ﬂuid as well as its direction and rate of ﬂow.
Fig. 8. True strain ratio images (ﬁrst row) and poroelastograms
(second row) with elapsed time in s (as indicated) when the
permeability to the ﬂuid is high (k*4). To be compared with the
sequences of Figs. 5 and 9.
Fig. 9. True strain ratio images (ﬁrst row) and poroelastograms
(second row) with elapsed time in s (as indicated) when the
permeability to the ﬂuid is low (k/4).
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provides is in mapping of the strain ratio and its rate of
change with time, highlighting its permeable bound-
aries and mapping the degree of ﬂuid content. To our
knowledge, this is a unique type of method in mechan-
ics, where the state-of-the-art involves a single mea-
surement typically taken from a whole target that is
assumed to be homogeneous (Fortin et al. 1999). Real-
time elastography should render this method signiﬁ-
cantly feasible in its experimental applications. Future
investigations are also needed further to understand
the mechanism and interpret time-sequenced poroelas-
tograms in an experimental setting by constructing a
well-controlled poroelastic phantom and taking into
account viscoelastic properties, boundary conditions
and temperature variations.
CONCLUSION
The estimation of 2-D motion in elastography and
the use of a sustained uniaxial compression are shown
to be capable of highlighting the poroelastic properties
of a soft tissue. Through monitoring and imaging of
the local variation of the lateral-to-axial strain ratio
with time, poroelastic simulation phantoms of distinct
Poisson’s ratios and permeabilities could be differen-
tiated and the direction and rate of ﬂow could be
assessed. Results were shown on ﬁnite-element simu-
lations. Due to the difﬁculty involved in constructing
poroelastic phantoms, controlling poroelastic experi-
ments and the current off-line processing of elastog-
raphy, the experimental veriﬁcation of the method is
still under investigation. The use of time-sequenced
poroelastograms could be proven crucial in a variety
of applications, such as edema treatment monitoring,
meat quality assessment and tissue engineering.
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APPENDIX A
Mechanical parameters determining a linear isotropic
poroelastic material
The linear poroelastic material equations were ini-
tially developed by Biot (1941, 1962) and have been
applied for characterization and classiﬁcation of biologic
tissues (Simon 1992). The scalar material properties to
be measured were n,  and f, the porosity, density of the
matrix in the current state and density of the ﬂuid in the
current state, respectively (Simon 1992). Assuming that
the porous solid is saturated by the pore ﬂuid, the poros-
ity n represents the spatial distribution of free ﬂuid in the
structure to be determined experimentally (Simon 1992).
For a compressible, anisotropic linear poroelastic mate-
rial, the constitutive law applies as follows

Tij  cijrsErs  mijQ
1
  mrs Ers  Q
1

xi
 kij
1w ˙ i
, (A1)
where Tij denotes the stress component, cijrs is one of the
81 elastic modulus coefﬁcients (Malvern 1969), Ers de-
notes the strain component, mij denotes the anisotropic
poroelastic material properties, Q denotes the poroelastic
material property of Biot (1941),  is the pore ﬂuid
pressure,  is the relative volumetric ﬂuid strain, k is the
permeability of the ﬂuid and wi is the relative ﬂuid
displacement so that w ˙ i is the relative ﬂuid velocity
(Simon 1992).
In eqn (A1), there are 40 material constants cijrs, mij,
Q and kij) that determine the material. If the material is
isotropic, eqn (A1) simpliﬁes to

Tij  ijEkk  2Eij  aij,
  QEkk  

xi
 kwi
, (A2)
where a is the solid phase material parameter and kij 
kij for an isotropic material (with permeability k). So,
for an isotropic linear poroelastic material, ﬁve mate-
rial constants (, , a, Q, k) are required. Finally, if
both the undrained solid and ﬂuid are incompressible,
then a  1, Q  , and only three material constants
(, , k), or, equivalently (Es, s, k), remain to be
determined.
APPENDIX B
Mechanisms of stress relaxation behavior subsequent to
a Heaviside displacement function
In the problem of an unconﬁned compression of
cylindrical disks of a poroelastic material between
smooth, frictionless, impermeable plates (Fig. 2), the
boundary of the specimen (at r  a) is stress free and
provides no resistance to ﬂuid exudation. The linear
KLM biphasic theory is then used to describe the result-
ing ﬂuid ﬂow and deformation process (Armstrong et al.
1984). The theory described here has been taken from
Armstrong et al.’s (1984) paper to assist the reader in a
ﬁrst review of biphasic tissue theory.
In stress relaxation, the axial compressive strain
history is given by
t  yHt, (B1)
where H(t) is a Heaviside step function and y is the
axially applied strain. After solving the corresponding
1396 Ultrasound in Medicine and Biology Volume 27, Number 10, 2001partial differential equation, the resulting dimensional
load history F(t) is given by
Ft
a
2  Esy1 
n-1

An exp 
n
2HAkt
a
2 	 , (B2)
where Es is the Young’s modulus of the solid matrix, An
is a constant depending on the Poisson’s ratio of the solid
matrix (vs), n are the roots of the characteristic equation
J1(x)(1  vs)xJ0(x)/(1– 2 vs)  0, where J0 and J1 are
the Bessel functions of the ﬁrst kind, HA is the aggregate
modulus of the elastic solid matrix ( s  2s), with
(s, s) being the Lame ´ constants, and k denotes the
permeability of the ﬂuid. Equation (B2) can be very
useful in examining the long-time and short-time asymp-
totic behavior of the mathematical solution. In uncon-
ﬁned compression, the equilibrium stress, as t-	 ,i s
linearly related to the applied strain by the Young’s
modulus. The length of time it takes to reach this equi-
librium is controlled by the permeability k of the matrix,
by the square of the length of the ﬂuid ﬂow path (a
2) and
by the elastic moduli s and s (or, vs and HA)o ft h e
matrix. The constant  deﬁned by
 
a
2
H Ak (B3)
characterizes this time that has been called the “gel
diffusion” time for the poroelastic material (Grodzinsky
et al. 1981). Similarly, the equilibrium lateral expansion
of the specimen given by
ua,t
a 
y

vs  1  2vs1  vs 
n1
 exp
n
2H Akt
a
2 
2
n
21  vs  1  2vs
(B4)
is controlled by the Poisson’s ratio of the solid matrix,
and the “recoiling time” is again controlled by . For
small times of lateral expansion and recoil behavior, the
lateral displacement u at r  a becomes
ua,t
a  y
1
2 
2s
HA
H Akt
a
2  0
H Akt
a
2 	 , (B5)
showing that, at t  0
, before signiﬁcant ﬂuid move-
ment has occurred, the behavior of the tissue as a whole
is like that of an incompressible, single-phase, elastic
solid with a shear modulus the same as the shear mod-
ulus of the solid matrix; the Poisson’s ratio  (not s)o f
the equivalent single-phase, elastic material is one-half
(see Fig. 3 at t  0
). The reader should note that, with
  0.5, the Young’s modulus of the instantaneously
equivalent, single-phase, “elastic solid” is given by E 
2(1    3  3s, but E  Es, the latter being the
true Young’s modulus of the solid matrix.
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